Using the Mathai-Quillen formalism we reexamine the twisted N = 4 supersymmetric model of Vafa-Witten theory. Smooth out the relation between the supersymmetric action and the path integral representation of the Thom class.
Introduction
be the zero section. The Euler class can be obtained through the pull back of map S from Thom class Φ(E), e(E) = s * Φ(E).
Mathai and Quillen found an explicit formula for the universal Thom class U [8, 10] . The criteria are 1) basic. 2) closed, 3) the integration along the fiber is equal to unity, V U = 1. The last criteron is connected with the definition of Thom class [13] : the inverse of push forward of 1 ∈ H 0 (M) is defined as Thom class, π
V RD (E), in which "VRD" denotes that "rapid decrease along fiber", which is equivalent to the "vertical compact supports". The formulae make use of equivariant cohomology in which the Weil algebra plays the part of the universal bundle. In terms of generators the Weil algbra W (g) is expressed as follows [14] 
Through the Chern-Weil homomorphism (the basic form see for example [8] or [10] )
we get the real differential form on the vector bundle -partition function of the moduli space. There are three expressions for the universal Thom class. The first two are [8, 10] 
<χ,χ>
in which inner product is defined on V , ρ is an antighost variable, and
Following Vafa and Witten we also introduce a parameter λ in the formulae. From these two expressions criteria 1) and 3) are easily proved [8, 10] . (The integration representation (3) derives from (2) through a Gauss integration by use of φ T = −φ ). To check the criterion 2) so that we can write down the partition function of the model later, we need the third expression.
As usual we introduce again a zero ghost number field π to complete the enlarged equivariant cohomology complex W (g) ⊗ Ω(V ) ⊗ Ω(ΠV * ) (the Π signifies that the coordinates are to be regarded as anticommuting, see [10] ). But, instead of the common used deRham differential δρ = π, δπ = 0 [10] we use the Vafa-Witten mechanism. Let δ = d w for Weil algebra, and
It is easy to prove from (1) and (5) that δ 2 = 0. Let Q = d+δ, d is the exterior differential on Ω(V ), we then have the third formula
in which the gauge fermion is
The close of Thom form U follows from the following observation:
When U is transferred to a partition function of a real field model through the ChernWeil homomorphism, the generators of Weil algebra will correspond the connection Θ and curvature Φ on the vector bundle of moduli space respectively:
3 Gauge invariance and Cartan model Now, let us consider the case δ 2 = 0, corresponding a gauge transformation. Let U denotes the priciple bundle consisting of Yang-Mills potentials. Locally it can be parametrized by
It gives (δd + dδ = 0)
where
p is the parity of Λ(counting of both d and δ). A connection can be introduced on U [6] .
such that
Up to a zero mode of D †
A we may write
From this connection a formal "curvature" is derived as
We can define the local gauge transformation in case at hand,
wher ǫ is a Grassmann number anticommuting with d and δ, so that
And eq.(15) leads to
However, this Φ does not transform like a curvature under a "bundle gauge transforma-
So we have to define a real curvature Ω as follows. Let Θ = δA i Θ i , then we have
Any way we may have
If we again use the correspondence between Weil algebra and connection as well as curvature (9) , the Weil algebra must change to
Changing eq.(5) also to (see [4] )
we find that
So we have the same expressions in the first two formulae for Thom class (2) and (3), with Ω instead of Φ only. And the criteria 1) and 3) for Thom form are satisfied. To require that the form is closed, the gauge fermion Ψ must be gauge invariant, i.e. {Q[Q, Ψ]} = 0. As a matter of fact, however, we find that
To overcome this difficult we have to choose the Cartan model S(g
where i φ is the contraction operator [8, 9, 10] . In the case at hand, Ω is undistinguishable from Φ. Let δ = d c on Ω(V ), and
It is easy to check that
Keeping correct the properties 1) and 3), it is also clear that
so that
is closed. Cartan model is also a favorable matter, because of that to construct Donaldson invariants from quantum field theory we need [5, 2, 12] 
4 Projection by the gauge freedom
When we treat the topological Yang-Mills theory, the gauge invariance must be considered. The moduli space should be divided by G = G gauge , and in fact we will compute the Euler characteristic of the quotient bundle E/G. This can be done by introducing two new fieldsφ, η of ghost number -2 and -1 respectively. And let
The consequence of the gauge invariance leads to a projection gauge fermion [10] Ψ proj = ψDφ,
where ψ is defined in eq.(21). The Thom class of interest becomes the following form (t = dimG)
in which Ψ local = Ψ is the localized gauge fermion (7) obtained earlier, and Ψ non. is a possible nonminimal term [4] .
N = 4 twisted supersymmetric Yang-Mills model
Now we are in the position to construct the concret model. Let M denote the moduli space of antiselfdual instantons, V denote the fiber, what we are interested in is the vector bundle ε = M× G V. Through out the Chern-Weil homomorphism we will introduce various fields to realize the Thom form, the partition function. Before that, as is pointed out by Vafa and Witten, when the parameter λ approaches to zero the integral leads to a trivial results but with signs, a standard theorem that the Euler class of a bundle is computed by counting the zeros of a section, weighted with signs. To avoid the cancellation of Euler class due to different signs they invent a way of doubling the number of fields. Therefore we have all of the twisted N = 4 supersymmetric fields [4] (The ghost numbers are marked in the brackets):
coordinates of moduli space; ψ i ,ψ ij (1) tangent to the moduli manifold, the super partners of A i , B ij respectively; χ ij ,χ i (−1) for ρ, coordinates of fiber; H ij ,H i (0) for π, auxiliary fields, the super partners of χ ij ,χ i respectively; φ(2),φ(−2), η(−1) associated with the symmetry group G, the same fields we have used; C(0), ξ (1) associated with the symmetries, reprsenting the horizontal projection, in which the supermultiplet (A i , ψ i ) have presented in eq.(21). Moreover, we have also to substitute the coordinates χ in the Thom form by the section pairs[4]
and
in which α is a constant, F † ij and B † ij are antiself-dual part of
and B ij ( we will omit the symbol † for B † ij for simplicity). Noting that the projection gauge fermion needs also doubled we obtain the partition function of the model as follows
where [dΣ] is the measure consisting of all of the thirteen fields, N is the normalization constant,
one may also have
It is clear that if there are suitable vanishing theorems as was discussed carefully by Vafa and Witten,i.e. B ij = C = 0 [4] , set β = 0 the partition function identifies a Thom class (equivalently, an Euler characteristic).
BRST and anti BRST transformations
One more point we would like to explain is that the twisted N = 4 system has N = 2 topological symmetry and an SU(2) symmetry. We have not only a Q 1 ≡ Q c , but Q A A = 1, 2 pair. One is thought of a BRST operator, the other can be identified with an anti BRST charge [11] . Let us introduce following superfields:
in which ψ
in which χ
in which φ 11 = φ 22 = φ, φ 22 = φ 11 =φ, and φ 12 = φ 21 = −φ 12 = −φ 21 = C. The supersymmetry transformations are determined by
in which we add a two θ term so that the three transformation rules derived from the superfield X AB are selfconsistant. And it also gives the same transformation laws as Yamron's [11] . In fact, the transformation laws may write as
More detail we get
For the parts proportional to ǫ 1 we find the transformation laws we used before. Using the anti-BRST transformations (proportional to ǫ 2 ) we can prove that 
Summary
To sum up, we have derived the partition function of the twisted N = 4 supersymmetric Yang-Mills theory, and it reduces to the Euler characteristic under suitable vanishing theorems. We can also integrate over auxiliary fields, the main part of the result have already presented in Vafa-Witten's paper [4] , i.e. |s| 2 + |k| 2 . One interesting thing is to find the corresponding formulae in the Weil model. This relats to that how to combine a basic form with the gauge transformation, or how to find a gauge invariant gauge fermion. We have not found the answer yet.
